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Abstract. Evaluating flexible criteria on data leads to degrees of sat-
isfaction. If a datum is uncertain, it can be uncertain to which degree
it satisfies the criterion. This uncertainty can be modelled using a pos-
sibility distribution over the domain of possible degrees of satisfaction.
In this work, we discuss the meaningfulness thereof by looking at the
semantics of such a representation of the uncertainty. More specifically,
it is shown that defuzzification of such a representation, towards usability
in (multi-criteria) decision support systems, corresponds to expressing a
clear attitude towards uncertainty (optimistic, pessimistic, cautious, etc.)
1 Introduction
Consider for the remainder of this paper that a data set consists of objects
which represent real-world entities as collections of attribute values. An example
data set might store information on people by tracking attributes such as “age”,
“name”, “sex”, “weight”, “height”, and so on. As such, each actual person cor-
responds to a collection of values for these attributes taken from their respective
domains.
Often, our knowledge of entities is limited to information stored in a data-
base. In the best case scenario, all attributes of an entity are precisely known.
In practice however, attribute values are often missing (not yet measured or
inapplicable), outdated, incorrect or vague. In all cases where the real, exactly
correct value of an attribute is not known, it is said that (the value of) each
such an attribute is uncertain. This lack of knowledge can be represented by a
possibility distribution over the domain of the attribute, whereby each value in
the domain is associated with a degrees of possibility that it is the real value of
the attribute. To deal with inapplicability, the domain of each attribute might
have to be extended with a special symbol to denote this [6].
Data are commonly subjected to criteria in order to test their suitability for a
speciﬁc purpose. Examples hereof are querying systems, (multi-criteria) decision
support systems, recommender tools, and so on. Mathematically, criteria can be
seen as functions which are used to test attribute values. Evaluating a criterion
on an attribute then corresponds to testing the function in the attribute value.
The resulting score can be interpreted as a score indicating how acceptable the
value is.
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Evaluating an uncertain attribute is not straightforward because if the exact
value is not known and it can not be tested. It follows that the resulting degree
to which an uncertain attribute satisﬁes a criterion is also uncertain. As such, it
can be treated as an uncertain ‘attribute’ and the uncertainty thus modelled by
a possibility distribution. This has already been suggested by Dubois and Prade
in [10] but was not investigated further. Instead, they proposed using possibility
and necessity degrees to represent respectively the possibility and the necessity
that the uncertain attribute satisﬁes the criterion. To that end, the formulae to
compute them are generalized. The advantage hereof is that these degrees are
well known and compatible with (and comparable to) the case when evaluating
non-ﬂexible criteria on uncertain data. However, as mentioned by Dubois and
Prade themselves, the result of the generalization comes at the cost of some
properties which have a non-negligable impact on their interpretability, which
can lead to counter-intuitive results. Indeed, when evaluating diﬀerent entities
in order to compare them using their approach, it can occur that an entity which
certainly satisﬁes a criterion to a certain degree (and possibly fully satisﬁes it)
is ranked worse than an entity which is not in the least guaranteed to satisfy the
criterion.
In this work, we further explore the feasability of using possibility distribu-
tions to model the uncertainty over the degree to which an uncertain attribute
satisﬁes a criterion. Towards multi-criteria decision support, we discuss how
defuzziﬁcation can be applied to reduce these distributions to numbers so they
may be used for further calculations. We will show that diﬀerent ways of per-
forming defuzziﬁcation correspond to diﬀerent attitudes a decision maker can
have towards uncertainty.
The remainder of this paper is structured as follows. In Sect. 2 some prelimi-
naries and relevant research are mentioned. Afterwards, mathematical notations
used throughout the remainder of the paper are given in Sect. 3 to deﬁne pos-
sibility distributions over degrees of satisfaction. Then, the usefulness of such
distributions is discussed in Sect. 4. Towards usability in existing tools, defuzzi-
ﬁcation is carefully studied. The ﬁndings are illustrated in Sect. 5 by means of an




Traditional criteria evaluation is Boolean: either the criteria are satisﬁed or they
are not. Flexible criteria, in contrast, compute a degree (typically from the unit
interval) for each entity denoting how well it satisﬁes the criterion. This has many
advantages, the most obvious one being the fact that ﬂexible criteria do not ﬁlter
but rather sort the objects in a data set. It also allows agents to model vague
preferences. For example, one may be interested in identifying which people are
“old”.
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Flexible criteria are typically modelled by fuzzy sets [21]. A fuzzy set F over
a domain X is a generalization of a regular set, characterized by a membership
function μF which associates each element from X with a real number in a
partially ordered set (usually the unit interval), with the value μF (x) of element
x representing the “grade of membership” of x in F . It can easily be seen that a
regular set is a special case of a fuzzy set where the membership can only take
values 0 and 1, respectively denoting non-membership and membership.
Treating a criterion as a function that is used to test attribute values, it
can easily be seen that, mathematically, the relation between fuzzy sets and
regular sets is identical to the relation between regular (crisp) criteria and ﬂexible
criteria. In a sense, a regular criterion can be seen as a function which partitions
the data set in regular sets (satisﬁed and not satisﬁed). In contrast, a ﬂexible
criterion can be seen as a function which describes the membership of all objects
in the data set in the fuzzy set of satisfaction.
Fuzzy sets are at the base of many ﬂexible systems [4,5,12,15,22,23]. Note
that ﬂexible criteria are in no way related to uncertainty [9]. To reﬂect uncer-
tainty in criteria, extended fuzzy sets such as type-2 fuzzy sets, interval-valued
fuzzy sets, Atanassov’s intuitionistic fuzzy sets [2] and, more recently, hesitant
fuzzy sets [17] have been proposed.
2.2 Representation of Uncertainty
There has been a lot of research towards representing uncertain data. For a
singular attribute (i.e. it can only take one value), the underlying idea is that
we are incapable of storing the correct value because it is not known. Instead,
in accordance to the information that we do have, we must store each possible
value that the property might take, associated with a degree of belief that it
is the correct value. Mathematically, this can be represented by a function u,
associating each value x from the attribute’s domain X with a real number in a
partially ordered set (usually the unit interval), where u(x) denotes the “degree
of belief” that x is the correct value of the attribute.
A classical example of modeling stochastic uncertainty is by means of a prob-
ability distribution. Alternatively, uncertainty due to a lack of knowledge is gen-
erally modelled using a possibility distribution [10,14,18,20].
3 Uncertainty Regarding Satisfaction Degrees
In this section we introduce a formal notation of the representation of uncer-
tainty regarding the extent to which an uncertain attribute satisﬁes a criterion.
Considering the precise value of an uncertain attribute is not known, it is not
possible to say to which degree it satisﬁes a given criterion. As such, the degree
of satisfaction of the uncertain attribute is inherently uncertain and can be mod-
elled using a possibility distribution.
With the understanding that A is an attribute with domain X, and that E
is an entity for which the value of A is not exactly known, let πA : X → [0, 1] :
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x → πA(x) be a possibility distribution overX where πA(x) denotes the possibility
that E takes value x for A. Let further E[A] denote the value that E takes for
A, whatever it may be. Let then πσ : [0, 1] → [0, 1] be a possibility distribution
expressing the uncertainty regarding the degree σ to which E[A] satisﬁes a ﬂexible
criterion deﬁned on A.
Using a possibility distribution to represent the uncertainty over the degree
of satisfaction of an uncertain attribute regarding a preference brings all the
advantages of working with possibility distributions. As such, it is immediately
apparent that such distributions can represent full certainty, full uncertainty and
any degree in between. Further more, factoring in the semantics of the domain of
these possibility distribution as being a degree of satisfaction, such a model can
be used to represent statements like “possibly fully satisﬁed”, “certainly at least
x satisﬁed”, “at most x satisﬁed”, “certainly not satisﬁed”, “could be anything”
and many more, which are semantically rich and intuitive.
4 Attitudes Towards Uncertainty
Assume there is a way to construct such possibility distributions. Given that the
evaluation of a ﬂexible criterion on a data set containing uncertain data yields,
for each object, a possibility distribution regarding the degree of satisfaction,
we can immediately ask ourselves the question how the results may be ranked.
After all, this is one of the key advantages of ﬂexible criteria evaluation which
is no longer straightforward. Indeed, ranking objects by a degree of satisfaction
comes down to sorting a list of numbers in descending (or ascending) order, but
how should possibility distributions be compared?
There have been many studies devoted to the comparison of fuzzy sets (also
known as comparing fuzzy numbers) [1,3,7]. There is no real consensus in this
area of research, which testiﬁes to the ﬂexibility of fuzzy sets. It also proves that
there is no one-size-ﬁts-all approach because the semantics of fuzzy sets play a
fundamental role when it comes to how they should be compared [8].
We can ask ourselves the question: how would we compare two uncertain
attributes? We argue the only correct answer is it depends. It depends on the
application in which we are considering the uncertainty and on the impact of
making a mistake. For example, when it comes to comparing travel options we
might be inclined to choose for a suboptimal route which will certainly get us
there in time rather than a diﬀerent route that might get us there faster at the
risk of running late, especially if arriving on time is of critical importance.
Another ﬁeld of application which is built on ﬂexible criteria evaluation is
multi-criteria decision support. After evaluating all the criteria, a multi-criteria
decision support system aggregates all elementary satisfaction degrees into a sin-
gle, global score. There exist techniques for aggregating membership functions
[19,20]. However, these techniques are tightly coupled to the context in which
they are used. As such, the conjunction of two such functions is diﬀerent for
possibility distributions on one hand and characteristic functions on the other.
Furthermore, these functions are mostly limited to either simple aggregators or
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force the user to use a speciﬁc technique. To be able to tap into the power of
any proven aggregation technique (including but not limited to: OWA, WOWA,
LSP, Choquet, Sugeno) it is logical to reduce uncertain satisfaction degrees rep-
resented by possibility distributions to numerical values. This comes down to the
defuzziﬁcation of a possibility distribution. There are diﬀerent ways of perform-
ing defuzziﬁcation. We will discuss and compare three defuzziﬁcation strategies,
considering especially the semantics of each. If a decision maker purposefully
chooses for a speciﬁc defuzziﬁcation strategy, aware of the semantics, this can
be viewed as explicitly expressing an attitude towards uncertainty.
4.1 Maximal Possible Satisfaction
Let us ﬁrst look at defuzziﬁcation by taking the maximal possible degree of sat-
isfaction that is associated with a degree of belief larger than 0. In this case,
however unlikely, the result of the defuzziﬁcation corresponds to the event that
the attribute takes the best possible value regarding the preferences of the deci-
sion maker. Obviously, this might not be the reality, but assuming this degree
of satisfaction clearly indicates an optimistic attitude by believing in the best
possible case. Alternatively, it could be seen as a greedy attitude, aggressively
assuming the best possible case, neglecting the fact that reality might be less
optimal. This kind of attitude is typical for prediction systems such as GPS-
based routing software, which assume you can drive at the highest speed for
each road and that no sudden accidents happen which could inﬂuence travel
time.
One could also choose for the maximal fully possible value, e.g. the maximal
value which has a degree of belief equal to 1. Such cases can be seen as a greedy
attitude assuming “normal circumstances”, yielding a natural trade oﬀ between
what is desired and what can be expected if nothing unforseeable happens.
4.2 Minimal Possible Satisfaction
Let us now look at defuzziﬁcation by taking the minimal possible value that is
associated with a degree of belief larger than 0. Instead of the best possible case,
the worst possible case is assumed. Consequently, this defuzziﬁcation strategy
denotes a pessimistic attitude. This might be valuable when the outcome of the
decision is of critical importance and there is no room for error. As such, it can
be seen as an attitude of safeness, avoiding risk.
However, one might also choose a slightly less pessimistic attitude by choosing
the minimal fully possible value, e.g. the worst value with degree of belief equal
to 1. As such, possibly disastrous but very unlikely outcomes are purposefully
ignored, again assuming “normal circumstances”.
4.3 Center of Mass
A common approach for defuzziﬁcation is to compute the abscissa of the center
of mass of the area under the possibility distribution [16]. This can be viewed as a
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sort of weighted average of all possible outcomes, where the degrees of belief are
used as weights. Semantically, the center of mass can be viewed as an indicator of
the “expected” degree of satisfaction, taking into account all possible outcomes.
As such, it portrays an intermediary attitude which is generally more robust
to outliers with low possibility. However, it might produce unexpected results
in case of a non-convex possibility distribution by producing an average degree
of satisfaction that corresponds to a value that the uncertain attribute might
not even be able to take. Consider for example that we know a certain bottle
is either completely empty or completely full. Defuzziﬁcation through center of
mass might lead to an “expected” satisfaction of 0.5, though it is not possible the
bottle is half-full. However, if interpreted as a real average, the center of mass
strategy can still be useful. One can see that aggregated degrees of satisfaction
near 0.5 indicate uncertainty or otherwise mediocre objects, values near 1 denote
rather certainly good objects and values near 0 denote rather certainly poor
objects. Then one can use the center of mass approach to represent a cautious
attitude to reliably identify the good and bad objects, leaving the uncertain and
mediocre objects in the middle. For attributes with a defuzziﬁed satisfaction
degree below 0.5 it can be said that there is more reason to believe that it will
take an unsatisfactory value than that it will take a satisfactory value. However,
it should be kept in mind that this degree should not be reverse engineered to an
attribute value to guesstimate which value the uncertain attribute might take.
5 Example
Suppose we are trying to evaluate if an area of the subsurface is suitable for
extracting a speciﬁc lithological resource. To that end, a model of the subsurface
is queried. This model is a collection of discrete 3D cuboids (voxels) representing
minimal extractable volumes. For each voxel, the lithological classiﬁcation of the
extractable resource (medium sand, ﬁne sand, clay...) and a degree of impuri-
ties (percentage rocks, shells...) are stored. In practice, such subsurface models
are largely generated through statistical interpolations from only a very small
amount of soil samples that typically cover less than 1% of the actual model
area. As a result, practically all voxels denote interpolated data and are as such
inherently uncertain.
Let us say we are looking for ﬁne sand without impurities for some industrial
purpose. Because we can not say with certainty whether or not a voxel contains
ﬁne sand nor if it is pure (both are possibly uncertain), we must express an
attitude towards the possibility that the voxel contains a diﬀerent resource or is
impure. Assume our application absolutely requires ﬁne sand. Any other resource
is unusable. Assuming our preference reﬂects that only ﬁne sand results in the
maximal satisfaction degree and that other lithological classes result in a low(er)
degree of satisfaction, we use the minimal possible satisfaction strategy to ensure
that only voxels that only contain ﬁne sand (i.e. have a high satisfaction degree)
are defuzziﬁed to a high satisfaction degree. Voxels that possibly contain other
resources (i.e. have a low possible satisfaction degree) will be defuzziﬁed to a low
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satisfaction degree. Towards impurities we are more forgiving, as we can ﬁlter
these out after extraction. However, purer is still better, and we want to exclude
voxels that are so impure that the remaining usable volume after extraction
would be too low to make the extraction cost worthwhile. Here we choose the
center of mass strategy for defuzziﬁcation of uncertainty regarding impurities
to reliably reject those voxels that contain many impurities but including the
voxels that are both likely and possibly pure.
6 Conclusions
In this work, we have brieﬂy examined the feasibility of using possibility dis-
tributions to represent uncertainty regarding the degree to which an uncertain
attribute satisﬁes a ﬂexible preference. Further, we have discussed how diﬀer-
ent strategies for defuzzifying these distributions correspond to speciﬁc attitudes
regarding uncertainty. When dealing with uncertainty in decision support, we
argue the decision maker must necessarily express his or her attitude towards
uncertainty. A small example illustrates the intuitiveness of the approach and
highlights how a decision maker may express diﬀerent attitudes towards diﬀerent
properties in multi-criteria decision problems. There is still a lot to be done, such
as deﬁning how possibility distributions representing uncertainty regarding the
satisfaction degree of a ﬂexible criterion on uncertain data should be derived,
and how such a representation can be further expanded to be capable of deal-
ing with bipolar queries [11,13,24], interval-valued fuzzy sets, hesitant fuzzy sets
[17], two-fold fuzzy sets, Atanassov’s intuitionistic fuzzy sets [2] and type-2 fuzzy
sets.
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